Abstract. We show that for n at least 10 11 , any 2-coloring of the n-dimensional grid [4] n contains a monochromatic combinatorial line. This is a special case of the Hales-Jewett Theorem [4] , to which the best known general upper bound is due to Shelah [6]; Shelah's recursion gives an upper bound between 2 ↑↑ 7 and 2 ↑↑ 8 for the case we consider, and no better value was previously known.
Setup
Given a combinatorial line ℓ : [4] → [4] n , we define its length |ℓ| to be the number of coordinates 1 ≤ i ≤ n for which ℓ i (x) varies with x. For example, the line given by ℓ(x) = (3, x, 1, x, 4) has length 2. (To justify this terminology, note that |ℓ| is the Hamming distance between the two endpoints ℓ(1) and ℓ(4), or indeed between any two points of ℓ.)
Fix a 2-coloring of [4] n . For each length k, we classify the combinatorial lines of length k into three types, and count their densities:
• p 2 (k) is the fraction of lines of length k which have 2 points of each color.
• p 3 (k) is the fraction of lines of length k which have 3 points of one color, and 1 of the other.
• p 4 (k) is the fraction of monochromatic lines of length k. We are also interested in the fraction of pairs of collinear points (on lines of length k) assigned the same color. On each line, there are 6 pairs of points. For lines counted by p 2 , 2 pairs are monochromatic; for lines counted by p 3 , 3 pairs are monochromatic; for lines counted by p 4 , all 6 pairs are monochromatic. Therefore (1) q(k) := 1 3
counts the fraction of monochromatic pairs of points on lines of length k.
The grid [4] n contains large "cliques": sets of points in which any two are collinear. In such a clique, the number of monochromatic pairs is least when the colors are balanced, and even then is close to 1 2 . Thus, we expect that for at least some lengths k, q(k) > 1 2 − ǫ for some ǫ that goes to 0 with n. This intuition is correct in a way that we will make more precise.
If we could show the stronger statement that q(k) > 1 2 for some k, the proof would be complete: p 4 (k) occurs in (1) with a coefficient greater than 1 2 , so we would know that p 4 (k) > 0, which means that a monochromatic line exists.
Even if q(k) < 1 2 , a large value of q(k) gives partial information: either p 4 (k) > 0, or else p 3 (k) is close to 1. Therefore we can also prove that p 4 (k) > 0 by showing that for some k, q(k) is close to 1 2 , but p 3 (k) is bounded away from 1. More formally, we can solve (1) for p 4 (k) (substituting
We will prove that a monochromatic line exists by showing that the right-hand side of (2) is positive for some k.
3.
Showing that q(k) is close to 1 2 It is hopeless to show that q(k) approaches 1 2 for any individual k. For example, the "checkerboard" coloring, which colors a point by the sum of its coordinates modulo 2, has p 2 (k) = 1, and therefore q(k) = 1 3 , for all odd k. Instead, we prove an inequality for a weighted sum of the first κ values of q(k), where κ is a parameter to be determined later.
3.1.
A bound for n-dimensional hypercubes. We begin by considering collinear pairs in the hypercube [2] n . Here, lines consist of only 2 points, and therefore q(k), defined as before, simply counts monochromatic lines of length k.
Lemma 3.1. For every κ ≤ n, whenever [2] n is 2-colored,
Proof. The hypercube [2] n is the union of n! chains of length n + 1: maximal sequences of points C 0 , . . . , C n such that any two points C i and C j are collinear. For each permutation σ of [n], we obtain such a chain by letting C i (σ) be the point with 2 in the coordinates σ(1), σ(2), . . . , σ(i) and 1 in all others. The line through C i (σ) and C j (σ), for i < j, has length j −i.
Fix any 2-coloring of [2] n . Let Q i,j (σ) = 1 if C i (σ) and C j (σ) are given the same color, and 0 otherwise. Then the total number of monochromatic points on all n k 2 n−k lines of length k is given by
Then equation (4) shows that q(k) is the average of q(k, σ) over all σ. To complete the proof of Lemma 3.1, it suffices to show that for each permutation σ, inequality (3) holds with q(k, σ) in place of q(k).
counts (with varying weights) the number of monochromatic pairs among the κ + 1 points C h (σ), C h+1 (σ), . . . , C h+κ (σ), any two of which are collinear. There must be at least 2
such pairs; their number is minimized if half the points receive one color and half receive the other. We do not know which weights correspond to those pairs. However, at the very least, we have the lower bound
where w * h is the least of all weights w i,j for h ≤ i ≤ j ≤ h + κ. (We allow i = j to simplify calculations later, though such a weight does not occur in the sum.) Substituting this lower bound
It remains to find a lower bound for the sum of the w * h . From Pascal's identity it follows that w i,j = 1 2 (w i−1,j + w i,j+1 ). Therefore each coefficient w i,j is a weighted average of some of the coefficients w h,h , w h,h+1 , . . . , w h,h+κ , w h+1,h+κ , . . . , w h+κ,h+κ .
Since all of these coefficients are included in the minimum defining w * h , we know that w * h must be one of these. Furthermore, this sequence is unimodal, so w * h = min{w h,h , w h+κ,h+κ }. The sequence w 0,0 , w 1,1 , . . . , w n,n is just the sequence (
2 n , and is also unimodal. So the sum n−κ h=0 w * h will begin by summing w h,h and eventually switch to summing w h+κ,h+κ , skipping some κ terms. Therefore
It follows that
and by averaging this inequality over all permutations σ and applying equation (5), we obtain the desired inequality (3). 
Proof. We say that a collinear pair of points ℓ(a), ℓ(b) for some line ℓ and some a, b ∈ [4] has type m if there are m coordinates in total in which either point is equal to a or b; in other words, ℓ i (x) is the constant a or b for m − |ℓ| values of i. We define q(k, m) to be the fraction of collinear pairs of type m and on lines of length k which are monochromatic. The type of a collinear pair matters because a collinear pair of type m is contained in the mdimensional subcube of [4] n obtained by letting all m coordinates of either point which are equal to a or b vary freely between the two values. In this m-dimensional subcube, two points are collinear if and only if the corresponding points of {a, b} m (obtained by dropping all coordinates not equal to a or b) are collinear, so it has the structure of the hypercube [2] m . The fraction of collinear pairs in this subcube which are monochromatic satisfies Lemma 3.1. By averaging over all m-dimensional subcubes, which cover each collinear pair of type m exactly once, we obtain
There are 6 2 n−k . Therefore we may express q(k) as a weighted average of all the q(k, m) by
Unfortunately, the weight of q(k, m) in this average depends on k as well as m, which prevents us from simply averaging inequality (6) over all m. To fix this problem, we replace the weights in (7) by lower bounds independent of k, which will result in an inequality relating q(k) to q(k, m). (We will assume that 1 ≤ k ≤ κ ≤ This sequence is unimodal, so the minimum is achieved at one of the endpoints, and we may replace equation (7) by
Sum the inequality (6) over all m ≥ n 4 with weights as in inequality (8). The right-hand side of (8) will be smallest when m = n 4 , so we may use that value for all m. We obtain
It remains to simplify the right-hand side. The omission of the first n/4 terms of the sum in (9) results in an error of m<n/4 n−κ m−κ 2 −(n−κ) , which is simply the binomial probability Pr[Bin(n − κ, 
With these initial terms, the sum in (9) would be equal to 1, except for skipping κ terms near the middle, which occurs when the minimum switches from selecting 
.
Combining the two error terms, we complete the proof. 4. Showing that p 3 (k) cannot be arbitrarily close to 1
In this section, we say that a combinatorial line in a 2-colored grid [4] n is odd if it has an odd number of points of each color. That is, an odd line has 3 points of one color and 1 point of the other, so it is exactly the type of line counted by p 3 (k).
To bound p 3 (k) away from 1, we first find a set of lines in [4] 4 which cannot all be odd:
Lemma 4.1. Whenever [4] 4 is 2-colored, the 15 lines
cannot all be odd.
Proof. A key observation is that each point of [4] 4 lies on an even number of these lines. The point (1, 2, 3, 4) lies on the 4 lines of length 1, and no other. Take any other point (x 1 , x 2 , x 3 , x 4 ) expressible as ℓ j (x) for some index j and some x ∈ {1, 2, 3, 4}. Any coordinate i where x i = i must be a variable coordinate of ℓ j ; any coordinate i where x i = i = x must be a constant coordinate of ℓ j . There is always exactly one coordinate where x i = i = x, so there are 2 choices for j, depending on whether that coordinate is variable or constant. If [4] 4 is 2-colored, choose either of the colors, and add up the number of points of that color on each of the fifteen lines. This total must be even, because each point is counted an even number of times. However, 15 odd numbers cannot add up to an even total, so one of the lines must contribute an even number. Therefore not all 15 lines can be odd.
Structures isomorphic to the set of lines ℓ 1 , . . . , ℓ 15 occur many times in [4] Proof. Fix a 2-coloring of [4] n and some k ≤ Count the number of odd lines L • ℓ j , where L ∈ L k and ℓ j is one of the 15 lines of Lemma 4.1. For a fixed L, at most 14 of the lines L • ℓ j are odd; therefore we count at most 14|L k | odd lines total.
Let P 3 (k) be the number of odd lines of length k in [4] n , related to the density p 3 (k) by P 3 (k) = n k 4 n−k p 3 (k). If each line of length k could be expressed M (k) times as L • ℓ j , we would have the inequality (11) M (k)P 3 (k) + M (2k)P 3 (2k) + M (3k)P 3 (3k) + M (4k)P 3 (4k) ≤ 14|L k |.
